Abstract. For a nef and big divisor D on a smooth projective surface S, the inequality h 0 (S, O S (D)) ≤ D 2 + 2 is well known. For a nef and big canonical divisor K S , there is a better inequality
D 2 + 2 like Clifford theorem in the case of a curve. We show that this inequality holds except some cases. We show the existence of a counter example for this inequality. We prove also the base-locus freeness of the linear system in the exceptional cases.
Throughout this paper, we are working over the complex number field C. For a nef and big divisor D on a smooth projective surface S, the inequality h 0 (S, O S (D)) ≤ D 2 + 2 is well known. (See [2] p.173) When S is a minimal projective surface of general type, the canonical divisor K S is nef and big. In this case, we have the better inequality which is called the Noether inequality:
The Noether inequality has played the important role to understand the geography of surfaces of general type. Now, if possible, we are going to try to generalize this inequality to an arbitrary nef and big divisor D on a surface S. Thus, we investigate the inequality:
In the case of a curve, there is already Clifford theorem for a special divisor. We show that the inequality ( * ) holds except some cases. We show the existence of such exceptional cases in which the inequality ( * ) does not hold. We describe also the exceptional cases. For an example, when h
, the linear system |D| in the exceptional case has a very good property like the baselocus freeness. Using our results, we can prove again the Noether inequality for a canonical divisor on a surface of general type and the well known results about a nef divisor on a K3-surface.
We are going to use the following notations throughout. Let S be a smooth projective surface with a canonical divisor K S . We denote the genus and the algebraic Euler characteristic of S by p g (S) and χ(O S ) respectively. Denote by Φ |D| the rational map associated to the complete linear system |D| when D is a divisor on S. Denote the dimension of
. If the base locus of |D| is not empty, then there is a resolution of the base locus ψ : S → S by successive blowing-ups along smooth centers such that γ = Φ |D| • ψ is a morphism. Let γ = β • α be the Stein factorization. Denote by a the degree of the image
where Z (respectively, Z ) is the fixed part of |D| (respectively, |ψ * D|), and |D M | (respectively, |D |) is the moving part of |D| (respectively, |ψ * D|). Moreover, the base locus of |D | is empty. Also, we have K S = ψ * K S + E, where E is the effective divisor supported on the exceptional locus.
Since we are not interested in the case h 0 (S, O S (D)) = 1, we assume h 0 (S, O S (D)) ≥ 2. Now, we are going to divide our problem into two cases -when dim ImΦ |D| = 2 and when dim ImΦ |D| = 1.
The following theorem is well known. 
Proof. We have
(1)
Let G be a general member of |D |. Since dim ImΦ |D | = 2, G is a smooth irreducible curve on S . Consider the following exact sequence:
From this exact sequence, we have
Let's consider the following two cases.
by Clifford theorem. Hence, from (2), we have
, we have from (1) and (3),
We have (1) and (5), we have
Hence, from (2), we have
Combining (4) and (6), we have that
Theorem 2. Let D be a nef and big divisor on a smooth projective surface S with κ(S) ≥ 0, where κ(S) is the Kodaira dimension of S. Assume that
Proof. Since κ(S) ≥ 0, there is a multiple of K S which is effective. Hence
Therefore we have 
Thus we have
Hence, by Hodge Index Theorem, Z = 0. It means that |D| is base-locus and fixed-locus free because Z comes from the fixed part Z and the base locus of |D|. Also we have
It means that the equality holds in Clifford theorem since h 1 (G, O G (D| G )) = 0. Hence we have the following two cases according to Clifford theorem.
(
G is hyperelliptic and D| G is a positive multiple of a hyperelliptic divisor.
In the case of (i), we have K S | G = 0 from the adjunction formula. Let f : S → S min be a minimal model of S. Then f * K Smin · D = 0. By Hodge index theorem, K S min = 0 since some multiple of K S min is effective. For a simplicity, we may assume that S is minimal. From the exact sequence
we have the following exact sequence
Hence we have h 1 (S, O S ) = 0 from the exact sequence. It means that S is a K3 surface. In the case of (ii), the degree b of Φ |D| must be 2. If b = 1 then we have D| G = K G which is already covered in the case (i). Since b = 2, the degree a of the image of Φ |D| is h 0 (S, O S (D)) − 2. Then Φ |D| is generically 2:1 onto a surface which is described in Theorem 1. Remark 1. In Theorem 2, the condition κ(S) ≥ 0 is necessary. In the projective plane P 2 , if D is a hyperplane section H, K P 2 · H = −3 and
Now, let's investigate the remaining case, i.e., when dim ImΦ |D| = 1. In this case, unfortunately we have a counter example even on a surface of general type. Thus, we are going to describe the possible exceptional case in which the inequality ( * ) does not hold.
Theorem 3. There exist a surface S of general type and a nef and big divisor on S which does not satisfy the inequality ( * ).
Proof. We know that there is a smooth projective threefold X of general type such that its canonical divisor K X is ample, dim Im
where |D M | is the moving part of |ψ * K X | and base-locus free. Clearly a general member S of |D M | is a smooth projective surface of general type since p g (X) ≥ 7. From the exact sequence
It is a contradiction.
To describe the possible exceptional cases, we are going to use the following notations.
Assume that dim ImΦ |D| = 1. Let C be a general fiber of α in the Stein factorization.
Lemma 1. Suppose that dim ImΦ |D| = 1 and the inequality ( * ) does not hold. Then bc = 1.
, so the inequality ( * ) holds. Hence bc = 1.
The fact bc = 1 means that α : S → W is a morphism of S onto a smooth curve W with connected fiber and W is birational to W . Hence we may assume that W is smooth. 
Proof. For a proof of (a), 
which is explained in Lemma 1. For a proof of (c), let's denote Φ |D| by Φ for a simplicity. Then we have
so the inequality ( * ) holds. Hence 
